Bounds on Tensor wave and Twisted Inflation 
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We study the bounds on tensor wave in a class of twisted inflation models, where _D(4 + 2fc)-branes 
are wrapped on cycles in the compact manifold and wrap the KK-direction in the corresponding 
effective field theory. While the lower bound is found to be analogous to that in Type IIB models of 
brane inflation, the upper bound turns out to be significantly different. This is argued for a range of 
values for the parameter g B M satisfying the self-consistency relation and the WMAP data. Further, 
we observe that the wrapped D8-brane appears to be the most attractive from a cosmological 
perspective. 



I. INTRODUCTION 

Brane inflation, in a warped compactification , is one of 
the most appealing open-string inflationary models - by- 
passing the rj problem by considering the relativistic limit 
of the theory [l| . Inflation is realized when the scalar po- 
tential dominates the kinetic terms even for relativistic 
rolling, because the high degree of warping tends to sup- 
press the kinetic contribution. Because of the inherently 
non-linear nature of the theory, there is mixing between 
different modes of the inflaton field. One of the conse- 
quences is that there is a non-zero bispcctrum, suggesting 
that the theory may predict large levels of non-Gaussian 
perturbations 0- Moreover for large field inflation, the 
distance over which the scalar field can roll A</> must be 
bounded by the size of the extra dimensions. This in turn 
can generate an upper bound on the tensor-scalar ratio 
using application of the Lyth bound [|| . In the case of 
a single Z?3-branc, the two bounds on r are inconsistent. 
The maximal predicted value for r is lower than the min- 
imum allowed value Q and therefore the validity of the 
theory is highly questionable. 

In the context of type IIB theory, it was noted that 
A<j) can increase for brancs wrapped on cycles within 
the compact space Q. As such this helps to relieve the 
fine-tuning necessary for DBI inflation. Ultimately how- 
ever, such configurations are subject to important back- 
reaction effects which severely restricts the parameter 
space of solutions. The Type IIA theory has not been 
investigated in as much detail. A recent viable model 
dubbed Twisted Inflation @, has been proposed in the 
non- relativistic limit. One can ask whether the relativis- 
tic limit admits similar bounds on the tensor-scalar ra- 
tio, and if so; how are they modified when one considers 
a simple scenario where higher dimensional branes are 
wrapped on internal cycles. This is what we consider in 
this note. We begin in Section I by briefly discussing the 
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Twisted Inflation scenario , and extending it to a special 
class of wrapped brane solutions. Whilst we do not gen- 
erally know the full scalar potential in such theories [15[ 
this is not necessary to derive bounds on r in the rela- 
tivistic limit. In Section II we then determine the various 
cosmological constraints on the model and conclude with 
a brief discussion. 



II. STRONG COUPLING LIMIT 

We consider the strong ('t Hooft) coupling limit of the 
field theory model, which has a dual gravity description 
in terms of type IIA supergravity provided the coupling 
satisfies 1 << A << A/ 2 / 3 . If the coupling is larger, then 
the correct dual description becomes M-thcory. Specif- 
ically we consider a background generated by M coin- 
cident Z)4-branes, with a compact direction denoted by 
X4 - which is the KK-direction in the field theory - and 
has radius given by 2nR 0. The relevant background 
parameters are defined below; 
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where po is a cut-off which in the dual theory gives rise to 
confinement, analogous to the Klcbanov-Strassler result 
0. In [|, a D4-brane is wrapped on the compact direc- 
tion but is dynamical along the throat direction param- 
eterised by p. This is essentially a way of realizing DBI 
inflation [l[ in type IIA string theory. As in that case, 
we should consider extensions of the model which gener- 
alize the results to wrapped configurations - since these 
avoid certain pathologies of the single (flat) brane models 
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SEMI- As such we will consider a simple extension of 
the above model to £>(4 + 2/c)-branes (where k = 0, 1, 2) 
which are wrapped on a circle ( the KK-direction ), a £2 
or £4 cycles in the compact four-manifold, but allow for 
dynamical evolution along the p direction. We will not 
turn on gauge fields in this model to keep things simple. 
One must note that the dilaton is now non-trivial and 
therefore the gauge field coupling in Einstein frame will 
be different to that in string frame. Upon calculation of 
the induced metric, we can write the DBI action for the 
wrapped brane as follows: 



S = -T i+2k I d^2nR 



[ VTp 3 
V i 3 



1 + L 3 



cP^VdetGid 



d IL pd v pr)f iV 
P 3 f(p) 

(2) 



where we have the wrapped brane on the 2fc-cycle, and 
denoted the transverse embedding by 
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where gmn is the metric on the four-manifold. Note that 
we have already integrated out the KK-direction in order 
to simplify the form of the action. Let us now define the 
following variables which brings the above theory to the 
canonical form of the action for DBI inflation: 



T(<f>) = T i+2k 2nR (yjlp)^ J d 2fc £ A /detG 
d(f> = ^/2nRT 4+2k (J d 2k £^MG 



1/2 

dp (4) 



and with the inclusion of the Chern-Simons term we can 
then write the BPS action in the following (familiar) form 

d^T{<t>)^l + cV<R^T(0)-i + f d^T(cb). 



S 

(5) 

At this stage we now want to couple this to the usual 
Einstcin-Hilbcrt action. This can be achieved by pro- 
moting the four-dimensional Minkowski metric to FRW 
form with vanishing spatial curvature. We can also cou- 
ple a non-trivial scalar potential to this theory (but our 
analysis below is independent of the form of the scalar 
potential) and the resulting action takes the form 



S 




T(4>) (7- 



V (</>)) (6) 



where we have introduced the relativistic notation 7 1 = 



1 — 4> 2 T 1 as is standard in such models. Twisted in- 
flation was considered in the non-relativistic limit where 
7 ~ 1. We will consider the full action and make com- 
ments about the non-relativistic limit when appropriate 
- but the primary focus is the relativistic limit where we 
can neglect the coupling to the RR-form field. 



III. TENSOR CONSTRAINTS 

The action has now been written in canonical DBI for- 
mulation, therefore we can immediately write down the 
cosmological parameters that characterize the dynamic 
evolution in the Hamilton- Jacobi formalism Q ; 
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where H is the Hubble parameter, given in terms of the 
energy density of the scalar field sector. Primes denote 
derivatives with respect to the inflaton field (<j>). The 
above slow roll parameters must be less than unity for 
inflation to occur. We can then write the relevant power 
spectra and scalar indices at leading order 
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note that the non-Gaussianity parameter /jvl increases 
with 7 and that the tensor to scalar ratio r is suppressed 
at large 7. In the models based on D3-branes, it was sug- 
gested that this could lead to a detectable signal for string 
theory. However various inconsistencies are present in the 
theory which means that the cosmological obscrvablcs are 
only valid for small 7 which leads to models that are in- 
distinguishable from canonical slow- roll theories [||. It 
should also go without saying that the above expressions 
should be evaluated at horizon crossing k = ajH, al- 
though since the tensor mode horizon remains at k = aH . 
This is because the scalar potential, which we have in- 
serted by hand, dominates the Hubble factor even for 
relativistic velocities. This ensures that the tensor power 
spectrum is insensitive to 7, however the observable r 
does depend on this term. Under the assumption that 
7 > > 1 , we sec that there is a potential to generate large 
non-Gaussianity. A useful relation (using this assump- 
tion) is the following @ 



ir 2 r 2 M* 
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which relates the tensor-scalar ratio to the scalar power 
spectrum and the non-Gaussian parameter. 

The four-dimensional action we work with requires 
that there are six compact dimensions. This is because 
the four-dimensional (effective) Planck mass is a function 
of these dimensions through the usual formula 



f2 



(5) 



where Vq is the internal volume and k 2 is the ten- 
dimensional Newton constant. Therefore if the six- 
manifold is non-compact this results in an infinite (ef- 
fective) Planck scale. We will assume that the super- 
gravity background is compact, this could be achieved 
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by gluing the UV region to another manifold. The six- 
dimensional (warped) volume is given by the product of 
the four- manifold, the KK-direction and the throat ge- 
ometry, which can be estimated to be 



J dp2TTRL 3 ^p 5 / 2 j: 4 



(6) 



where S4 is the volume of the four-manifold. Given this 
solution, we can estimate the upper bound on the tensor 
to scalar ratio using the analysis in [1, H| , [l6| , by assum- 
ing that the following bounds are satisfied for large field 
(UV) inflation, whereby the brane moves towards the tip 
of the throat; 



V 6 » \AVe,* 



(7) 



we can estimate the change in volume through the rela- 
tion AVe ~ T,42irRL 3 / 2 Ap¥ 2 . We also denote the unit 
volume of the wrapped cycle by 



. = / d 2 ^Aetg mn d k y m diy n 



V2k 



and note that when k = we must use v 2 k 
modified canonical transformations become 



(8) 
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The Lyth bound in such a model takes the form 



Mn 
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(10) 



where AiV* corresponds to the amount of visible inflation. 
The Lyth bound yields the following solution 



(A^ 



< 



K 2 w T 4+2k v 2k (L 3 p*) fc / 2 

£ 4 L 3 / 2 {A P *y/ 2 
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where we have used the definition of the compact volume. 
Note that we can keep terms in the numerator propor- 
tional to p*, since the aim is to bound r from above. 
Now using ((4]) we can solve for the brane tension in the 
expression above, and we find the solution 



r < 



' 10 
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which clearly has dependence on Ap* in the denominator. 
Now for UV inflation we have p* >> po and therefore 
/ ~ 1 to leading order. For a single warped throat we 
will find p* < L since we assume that the gluing region is 
located at p ~ L. This suggests that the maximal value 
for p will be L. This also implies the constraint that 



L >> Ap*. Now using we can solve for the brane 
tension in the expression above, and we find the solution 



r < 



i 10^4+2k V 2k 7T 
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R 2 = 



(13) 



The KK-radius is constrained by the relation [6 

4L 3 
9p 

where L is the flux parameter, dependent on the string 
coupling and the flux integer. Solving for the various 
parameters in the above expression, and assuming that 
AiV» ru 1, we obtain the leading order bound 



r < 



vlk * 3 - 8k/3 ML 

3E 4 2 7 + 4fe \ p Q Ap, 
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after dropping Jnl- Let us assume that the four-cycle 
volume is given by 87r 2 /3, and the two-cycle volume by 
Att. Using the WMAP 7 year data 0, H|j the normalisa- 
tion for the scalar perturbation is P 2 ~ 2.43±0.11 x 10~ 9 , 
and the bound on r is r < 0.24. This allows us to esti- 
mate the magnitude of the parameters in the bound for 
the three different cases of interest. The results are; 
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k = 
k = 1 (15) 
k = 2 



the DBI action is only valid for scales larger than the 
string scale, therefore we must have po, Ap* > l s which 
acts to suppress the flux term even for p ~ 0(l)l s . This 
multiplier term clearly has its maximum (of unity) when 
po = Ap* = l s , which means that the above constraints 
are then to be applied only to the product g s M. In gen- 
eral we see that as poAp* increases, the background flux 
must increase accordingly putting the theory under se- 
vere pressure for k — 0. The k = 1,2 cases, correspond- 
ing to a wrapped D6 and D8-branes, could satisfy the 
bounds with sufficient fine tuning. The cosmology of such 
a configuration is left for future study. 

One can ask whether there is also a lower bound on r 
To see that this is also the case, we use the relation 



2s 



l-n s = 4e+- ^ p -— — (16) 

1 — 7 Z 7 1 H 

where primes denote derivatives with respect to <fi. Using 
the definition of the /jvl parameter to eliminate the 7 2 
terms, and using the continuity equation p = —3H(P + 
p) in the final term above, we see that this expression 
becomes 
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The expression above can be minimised provided that 
T < 0, which implies that 



> p 



2P 3 V7 



(18) 



however the term in parenthesis is positive definite 
Vfc, p > po and therefore we find p < which implies 
that p is rolling towards the tip. Under the assumption 
of large Jnl and neglecting the slow roll parameters, this 
implies there is a bound on r such that 



r > 



4(1 -n a ) 
s/1 + Vnl 



(19) 



which is the same as the bound on the (standard) type 
IIB theory. Using the (weak) bound that \Jnl\ < 300 
and the WMAP result for n s = 0.963 @, 13 we see that 
for the bounds on r to be consistent we require 



•2A- 



(9sM) 
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which we can translate into bounds on the flux term in 
the usual manner 



(g s M) 
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> 2 x 10 7 k = 
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> 2 x 10^ 



k = 2 



recall that this is the minimum value necessary to be 
consistent with the lower bound. The bound for the D8- 
brane is by far the easiest to satisfy, indicating that these 
bounds are significantly relaxed for higher dimensional 
(wrapped) branc models. 

Let us now cross-check with the strong coupling bound, 
which has A << M 3 / 2 . Upon substitution of the string 
theory parameters into the definition of the coupling, one 
can write the strong coupling constraint condition as a 
constraint on g s M; 



9tt po 



4 L 



J^js « i9sM) « ~£~J~M 2 (22) 



such a condition can be satisfied provided that the hier- 
archy between po and l s is not too large (for fixed M). 
As one increases the flux, the bound on the hierarchy is 
substantially weakened allowing for larger values of po 
ensuring the validity of the effective action. 



IV. DISCUSSION 



We have considered a simple extension of the recently 
proposed twisted inflation where we include higher di- 
mensional branes wrapping compact cycles in the space 
S 1 x VW4. In the relativistic limit, and for UV inflation, 
we have argued that the scalar-tensor ratio is bounded 
from above (like the models in type IIB). The lower 
bound in our model is the same as that in DBI-inflation, 
suggesting that it is only dependent on the algebraic 
structure of the action. The upper bound on r in our 
model is, however, different from that in type IIB. The 
main difference between these two theories is that in type 
IIA, our brane always wraps a compact S 1 associated 
with the KK-direction in the field theory. Our results 
impose stringent bounds on the allowed fluxes of each 
solution, in order to satisfy the WMAP constraints. Un- 
like the type IIB case, we cannot relate these fluxes to the 
Euler number of the Calabi-Yau space. Our results sug- 
gest that a modified version of Z)8-brane inflation could 
lead to interesting cosmology in such a framework. It 
would be informative to consider the wrapped brane sce- 
nario in the slow roll regime, since this is likely to have an 
exact dual interpretation from the field theory perspec- 
tive. Moreover, we could consider multiple KK-directions 
in the field theory which correspond to torii in the string 
theory picture. 



Acknowledgments 



The work of JW is supported in part by NSERC of 
Canada. 



[1] E. Silv erstein and D. Tong, P hys. Rev. D 70, 103505 

(2004) [arXiv:hep-th/0310221j . 
[2] J. E. L idsey and D. Seery, Ph ys. Rev. D 75, 043505 

(2007) [arXiv:astro-ph/0610398] . 
[3] D. H. Lyth, Phys. Rev. Lett. 

[arXiv:hep-ph/9606387] . 
[4] J. E. Lidsey and I. Huston, JCAP 0707, 002 (2007) 

|arXiv:0705.0240l [hep-th]] . 
[5] T. Kobayashi, S. Mukohyama and S. Kinoshita, JCAP 



78, 1861 (1997) 



0801, 028 (2008) [arXiv:0708.4285l [hep-th]]. 
[6] J. L. Davis, T. S. Levi, M. Van Raamsdonk and 

K. R. L. Whyte, larXiv7l 004.5385 [hep-th]. 
[7] D. Larson et al, arXiv:1001.4635 [astro-ph.CO]. 
[8] E. Komatsu et al.. larXiv:1001.4538l [astro-ph.CO], 
[9] I. R. K lebanov and M. J. St rassler, JHEP 0008, 052 

(2000) [arXiv:hep-th/0007191j . 
[10] M. Becker, L. Lebl ond and S. E. Sha ndera, Phys. Rev. D 

76, 123516 (2007) |arXiv:0709. 11701 [hep-th]]. 



5 



[11] J. Ward, JHEP 0712, 045 (2007) [arXiv: 071 1.07601 [hep- 
th]]. 

[12] S. Mukohyama, Gen. Rel. Grav. 41, 1151 (2009) 

[arXiv:0706.3214l [hep-th]] . 
[13] I. Huston, J. E. L idsey, S. Thomas and J. Ward, JCAP 

0805, 016 (2008) [arXiv:0802. 03981 [hep-th]] . 
[14] D. Bau mann and L. McAllister , Phys. Rev. D 75, 123508 

(2007) [arXiv:hep-th/0610285l . 



[15] The wrapped D8-brane theory requires massive type IIA 
supergravity. One can, in principle, compute the one-loop 
corrections to the effective potential, however we believe 
that this correction simply shifts the value of Vb since 
the wrapping changes the effective tension of the brane. 
Work on this direction is in progress. 

[16] An alternate analysis was proposed in[l4|], however we are 
interested in the most conservative of the two bounds 



